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Abstract- -Conservatwe upwmd finite-difference schemes are presented for the solution of the one- 
dimensional shallow water equations m open channels Numerical results are presented and compared 
for different versions of the schemes when applmd to a test problem comprmmg a channel with varying 
breadth and depth and frmtion terms. This includes constderatlon ofthe effect of treating part of the 
flux balance as a source, and a comparison of square-root and arithmetic averaging (~) 2005 Elsevier 
Ltd. All rights reserved. 
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1. INTRODUCTION 
In a recent paper [1], four different versions of a numerical upwind scheme for the one-dimensional 
shallow water equations were considered. The schemes were all based on flux balance distribution 
methods, and the governing equations were the St. Venant equations for flow m a friction-less 
channel of uniform rectangular cross-section. The schemes were compared by applying them to a 
standard dam-break problem. In this paper, we extend the schemes to the St. Venant equations 
incorporating variable breadth, depth, and friction terms, and present a numerical comparison 
of the schemes when applied to a test problem encompassing these features. 
2. THE GOVERNING EQUATIONS 
The St. Venant equations [2] governing the rough-turbulent flow of water m an open channel 
can be written in conservation form as 
where 
w---t -}- --fx = s, (2.1) 
w = (A, Q)T (2.2) 
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are the conserved variables, the flux function, 
L (~-) = (Q, QVA) T (2.3) 
and the source term, 
s_ (w) = O, -gA  -~x + Q IQI/K2 (2.4) 
These equations represent conservation of mass and momentum, and the source term s arises 
through the variation in the channel bottom and frictional effects. The quantities A = A(x, t) 
and Q = Q(x, t) = Au(x, t) represent the cross-sectional rea and mass flow, respectively, at a 
general position x measured along the channel, and at time t, where u is the fluid velocity. The 
gravitational constant is represented by g. We consider the case where the channel is locally 
rectangular, so that 
A = B(x) d(x, t), (2.5) 
where B is the breadth and d the depth. The height is then h = h(x, t) = d(x, t)+ z(x), where z is 
the height of the channel bed. Also K = A/M(hydraulic radius) 2/~, where Manning's constant M 
m taken as 0 • 03, and the hydraulic radius = A/wetted perimeter = A/(2A/B  + B). This value 
of M and the form of K are found empirically and used widely for many problems. 
3.  F O R M U L A T I O N  
The schemes in [1] were developed for the idealized case where the breadth of the channel B = 
constant, the height of the bed z = constant, and no friction, so that the source term s = 0. In 
order to extend, and then apply, these schemes to the general case given by equations (2.1)-(2.5), 
it is first necessary to rewrite these equations in the form, 
W t +_F x = S, (3.1) 
where 
W = (¢, ¢u) T (3.2) 
_F (W) = (¢u,¢u2 + 2¢2) T (3.3) 
S (W) = ( -uCB ' /B ,  -u2¢B ' /B  - g¢z' - O. 0009gCu lu I (¢ B~ (2¢ + gB)) -4/3) -7 (3.4) 
The independent variables are u = u(x, t), the fluid velocity, and 
¢ = ¢ (x, t) = gd (x, t )  = g (h (x, t) - z (x) ) .  
Note that the source term _S on the right-hand side of (3.1) does not contain any derivatives of 
the flow variables ¢ and u and arises through variations in the channel and the friction terms. 
For future reference, the quasi-linear form of equation (3.1) is given by 
w~ + A__Wx = £,  (3.5) 
where the Jacobian of the flux function F__ is given by 
- -  ¢ - u 2 2u  ' 
(3.6) 
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4. CONSERVATIVE  L INEARISAT ION 
The numerical schemes we present here are based on a conservative linearisation approach 
which can be described, briefly, as follows 
For a given cell C in the numerical grid, with a flux balance, 
-~ = - f c  £x  dx = - [_F]~ = - (_F (WR)  - _F (WL) )  = -Zx_V, (4.~) 
denoting the change in flux balance across the boundaries of the cell, then a numerical approxi- 
mation to _~ can be defined by 
~= -ax£x= -AxA_wx, (4.2) 
where Ax is the cell length and ~ indicates a discretised quantity. Having determined the precise 
form for ~, the distribution of the flux balance to the nodes at either end of the cell then is made 
using upwinding. Conservation requires that the overall contribution to the nodes depends only 
on the boundary conditions. Thus, for a linearisation represented by (4.2) to be conservative, 
the sum over the computational domain of the ~ should reduce to boundary conditions alone. 
It follows from (4.1) that a linearisation is conservative if ~ = • for each cell, and the resulting 
scheme is conservative provided all of the discrete flux balance is distributed to the nodes of the 
grid. To complete the scheme the source term S(___W) is approximated by S(____W) and distributed 
uniformly within a cell. We now extend the schemes [1] to apply to equations (2.1)-(2 5) as 
formulated by equations (3.1)-(3.4). 
5. NUMERICAL  SCHEMES 
Simple linearisatlons of the St Venant equations can be achieved by seeking discrete flux 
Jacobians A in (4.2) which allow ~ to be easily decomposed into components, and then an 
application of the upwinding technique. By evaluating the Jacobian consistently from some 
average cell state Z, so that 
= __Fw(z_-) = A(Z), (5.1) 
for some parameter vector, 
= z(W) ,  (5.2) 
which is assumed to vary linearly in space within each cell, then an important consequence is 
that z_ x is locally constant and so the conservative flux balance can be written as 
~= - /c F--'~dx= - /c F--z-z-xdx= - ( /c  F__~_dx) z_~. (5.3) 
A conservative linearisation then is given by 
where the corresponding discrete gradient (evaluated under the assumption of linearly varying z) 
is given by 
Z R --  Z L Az  
z~-  a~ - a-~ (5.5) 
It follows that the discrete gradient of the conservative variables can be written as 
- -  1 / cWxdx= ~..~ JcW~_z_~dx= 1 ( /cW~_)  W~ - Az - -  -~x dx -g_~, (5.6) 
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and thus, from (5.4) and (5.6), the discrete conservative flux balance is given by 
~ = ~_~= -Ax (/C F~dx) (/c Wz-dx) -1WW-x" (5.7) 
Thus, the discrete conservative flux balance (4.2) is given by (5.7) in which -~--Wx = ~ and 
( /C )  ( /C ) -1  J = J~ = F~ dx W~ dx (5.8) 
SCHEME 1. The first scheme is based on the parameter vector, 
z = V/¢(1,  u) T, (5.9) 
and using the overbar i to indicate the consistent evaluation of a quantity solely derived from 
the cell-average state given by 
1 
Z = ~ (ZL + ZR), (5.10) 
has (0 :) 
J~ =A(~) + 1 (5.11) - ~ (~¢1/2)2 • 
The flux balance in (5.7) can then be written as 
( (o Oo) ) ~z = -Ax A ('2) + 1 W~ ~+q~,  (5.12) 
- ' -  ~ (A¢1/2)  2 - -  =_ .  _ 
where that part of the ftux balance, 
~_ = -Ax  A(-_z) W_W_W_W_~, (5.13) 
is handled in the usual upwinding sense, and the term, 
(o Oo)( o ) q~=-Ax  1 u_-~= - _  ~ (z~¢1/2)2 - z~¢ (z~¢1/2) ~ (5.14) 
is treated as a 'source' which is expected to be negligible in smooth flows, but to have an effect 
at discontinuities. 
The gradient W x in (5.13) is projected onto the local eigenvectors of A(~), for which the 
eigenvalues and eigenvectors are 
A, (-2) : V/~-~UL+V/'~un:t: l v ~  + x /~ ~ (V~L + X/~R) = ~ ± ~, (5.154,b) 
T 
e, (~) ---- (1, 5 4- ¢) , (5.15c,d) 
where 
5=x/~UL+V~UR ~= 1 (V /~ L V~)  V~+ ~ ' ~ + , (5.164,b) 
representing approximations to the continuous values, 
= u 4- x /~,  _e, = ( \1 ,  u A~ ± (5.17a-d) 
Finally, the 'source' (5.14) ~s incorporated with the source term _S(W) in (3.4), approximated 
in a suitable manner, 
/ _S (l]d) = , (5.18) 
for some average/), for example/) = 1/2(B(XL) + B(xR)). 
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SCHEME 2. An alternative to the separate treatment of the terms in (5.13) and (5 14) in Scheme 1
is not to decompose the matrix A~ but to upwind the total flux balance ~ in (5.12). This gives 
rise to the flux balance, 
~--z__ = -Az__AW = --Axfiz=12V'x, (5.19) 
where the gradient ~___Wx is given by 
~ _ ~w 
Ax ' (5.20) 
This flux balance is distributed according to the upwind philosophy, and thus, the eigenvalues 
and eigenvectors of ,4~ are required, which are 
T 
A~ =~±~,  e~ = (1,g ± ~)) , (5.21a-d) 
is required, as in Scheme 1. 
where 
and ~ is given by (5.17a). An approximation to the source _S(W) in (3.14) 
-~(AB/Ax)/[~ ) 
-~(AB/Ax)/[~- 94,~z/A~ |,  
-o  + 
(5.21e) 
(5.22) 
SCHEME 3. This scheme is constructed in a similar way to Scheme 1 but where the parameter 
vector in (5.9) is replaced by 
z = (¢, u) T (5.23) 
and the corresponding matrix to (5.11) is given by 0 0) 
= ACAu . A~_ A (z_-) + (Au) 2 - ACAu 6¢ 
o)) 
ACA~ Wx = ~z + %, 
6¢ --- -~- 
(5.24) 
(5.25) 
The flux balance in (5.7) can then be written as ( ( 0 
~z =-Ax  A(z_-) + 1 (Au) 2 ACAu 
where that part of the flux balance, 
m 
~_~_ = -AxA (-2) Wx,  (5 26) 
is handled in the upwinding sense as in Scheme 1, and the term, 
0 0) (10) 
= ZXCAu _~x= _ ZX¢(A~)2 , (527) q-z -Ax  (Au) 2 - ACAu 6¢ 
is again treated as a 'source' and expected to be neghgible in smooth flows, but to have an effect 
at discontinuities. The gradient ~ in (5.26) is projected onto the local eigenvectors of A(-2), for 
which the eigenvalues and eigenvectors are now 
T 
A, (X) = ~ ± ¢, e, (X) = (1, ~ ± ~ , (5.28a-d) 
\ / 
62 P CLAISTER 
where 
1 
= -~ (UL 4- uR), (5.28e) 
and ¢ is given by (5.22). As in Scheme 1, the 'source' (5.27) is incorporated with an approximation 
to the source _S(W) in (3.4) 
a (w_) = (529) 
_0 + 
SCHEME 4. As for Schemes 1and 2, an alternative to the separate treatment of the terms in (5.25) 
is not to decompose the matrix/[z__ in (5 24) but to upwind the total flux balance ~z__ in (5.25). 
This gives rise to the flux balance as in (5.19) where the gradient -~-Wz is given by (5.20). This 
flux balance is again distributed according to the upwind philosophy, and thus, the eigenvalues 
and eigenveetors of A~_ are required, which are 
( A~ = ~ 4- ~b, e~ = 1, ~ 4- , (5.30a-d) 
(5.31) ¢-- 1 
where ¢, ~ are given m (5.22) and (5.29), respectively Finally, as in Scheme 2, an approximation 
to the source _S(W) in (3.4), 
is required. 
SUMMARY. Summarising, Scheme 1 is based on a conservative linearisation, as described m 
Section 4, using a particular parameter vector and for which one part of the flux is handled 
using upwinding and the other treated as a 'source'. Scheme 2 corresponds to Scheme 1 in which 
the whole of the flux is handled using upwinding and without a 'source'. Schemes 3 and 4 are 
similarly related but Scheme 3 is based on a different parameter vector to that in Scheme 1. 
Also, Schemes 1 and 2 are based on square-root averaging and Schemes 3 and 4 are based on 
arithmetic averaging. For all four schemes an approximation to the source term __S(W) in (3.4) is 
incorporated in the solution update. 
6. TEST PROBLEM 
Consider the flow m a channel with a smooth constriction and a sloping bottom surface, which 
shelves. This geometry induces a flow that becomes upercritical and the governing equations 
are given by (2.1)-(2.5). This problem represents a balancing of momentum and friction as the 
solution reaches a steady state. The channel is 10000 metres long, and the breadth, B, varies 
from 10 metres to 5 metres, as shown in Figure 1. The bed slope is taken to be a constant value, 
except between 4500 and 5500 metres where twice this value is taken, as shown in Figure 2. 
7. NUMERICAL  RESULTS 
Numerical results are shown for the problem in Section 6 using each of the schemes outlined 
in Section 5. The results for the depth, d, and the Froude number, F = u/v~d,  are displayed in 
6 
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Figure 6 Plot of F for bed-slope 0 01 using Scheme 2. 
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Figures 3-18. Figures 3 and 4 show the results for d and F, respectively, for the case of a bed 
slope of 0 • 01 using Scheme 1 with 100 mesh points and after a time of 3000 seconds. Figures 5 
and 6, 7 and 8, 9 and 10 show the corresponding results using Scheme 2, 3, and 4, respectively. 
Figures 11-18 show the corresponding results for a bed-slope of 0 • 02. For the first bed-slope 
the flow undergoes a transition from subcritical to supercritical and back to subcritical, while 
for the second bed-slope the flow is wholly supercritical. In all cases, we see that the bores have 
been captured well, and the results are comparable for all four schemes, both qualitatively and 
quantitatively, for both bed-slopes and flow transitions. 
8. CONCLUSIONS 
All four schemes produce results with bores which have been captured well for a test problem 
that incorporates friction and a channel with variable depth and breadth, and for two different 
bed slopes resulting m both transcritical and wholly supercritical flow. Further, these comparable 
results are achieved regardless of whether the flux balance is upwinded, or separated into one 
part that is upwinded and the remainder that is treated as a source. This Mso demonstrates that 
treating part of the flux balance as a 'source' has no effect on the solution quality, with similar 
remarks in respect of square-root versus arithmetic averaging. 
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